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Abstract. The Darboux transformation, well known in second-order differential operator
theory, is applied to the difference equations satisfied by the discrete hypergeometric polynomials
(Charlier, Meixner-Kravchuk, Hahn).

1. Introduction

Since Darboux, who showed how(x) = Ay(x) + By'(x) solvesz”(x) = (§(x) + h)z(x)
when y(x) satisfiesy”’(x) = (n(x) + h)y(x) [3], numerous generalizations have been

investigated.
Consider first the second-order difference equation

H(x; j)(x; j) =0 (1)
where

H(x; j) = E*+v(x; NDE +u(x; j) )
with

E'Q(x; j) = Qx +1i5 j) ®3)
xeR,i,jeZ.

Suppose that one can form the products
H(x; j) —p(j) = (E+ g )HIE + f(x;))) @
Hx; j+1D —u(j) = (E+ fx; HDIE+g(x; ) +a())
then, the operato (x; j + 1) is called adiscrete Darboux transformatiowof H (x; j).
E+g(x; j)andE + f(x; j) are said to play the role ofdwering and ‘raising operators
respectively. From (4), we have the following commutation relation
H(x; j+D(E+ f(x; 7)) =(E+ fx; j)H; J) +al))) (5)
which is a discrete analogue of the so-caltrdssing chain[12, 14]. The dressing chain
(5) is equivalent to the system
fO; D+egx+L jH=fx+Lj+D+gkx;j+1)
FOspgles ) +a()=fx; j+DgCx; j+1D+u(+1D) —n().
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In the continuous case, many questions concerning the intrinsic structure (Hamiltonian,
integrability, etc) of such chains are explained in [12, 11]. In the discrete case, similar
structures remain generally obscure. Even some particular considerations of such systems
appearing today are mainly directed to the cases in which the shift operator in (3) gcts on
but not onx. This is typically the case when one is treating the discreted@amger problem

or particularly the polynomial recurrence relations. Note that except for some particular
cases of self-adjointness af and j, this nuance is very significant. The polynomial
recurrence relations case for example, is characterized by the linearity of the eigenvalue,
which is thenx, which a priori facilitates the application of the Darboux transformation
techniques.

In this work, our discussions will be confined to a restricted case of the discrete Darboux
transformation (4). Namely, it will be presumed thaacts not simply as a symbol (index)
as in [12, 11], but as an independent variable. In that situation, one says that the operator
H is factorizableaccording to the Infeld—Hull method [9, 4]. For convenience, we will call
j the variable of factorization.

Let us note that when dealing with the second-order hypergeometric difference operator
on a linear lattice [10], one can adapt the Infeld—Hull factorization so that the latter one
becomes equivalent to the Nikiforov—Suslov—Uvarov theory [10] as was shown in [13].
As noted in [13], the cited equivalence remains valid when one passes from a linear to
nonlinear lattice. In the latter case, the role of the ‘lowering’ operator is played by the
Askey-Wilson derivative [1, 6, 10]. A similar factorization was used (implicitly) in [5]
to give a very simplified version of the proof of the orthogonality relation for the Askey—
Wilson polynomials [1]. Next, in [15], it was proven that, starting from the recurrence
relations for the Tchebyshev polynomials, one can obtain, using the factorization procedure,
the corresponding relations for some special cases of the Askey—Wilson polynomials. It
follows from this observation that [17] those special cases of Askey—Wilson polynomials
are (not only discrete classical) continuous semiclassical polynomials [8].

Here, as in [13], we are dealing with the factorization of the second-order difference
operator on a linear lattice,

o (X)AV 4+ 7(X)A — A (7)

whereA = E—1,V = 1— E~1 (see (3) for the definition of?), o andr being polynomials

of degree< 2 and 1 respectively} being a constant (in). However, the particularity of

this work resides in that the ‘variable of factorization’ (asn (4)) is exactly the degree

n of the corresponding polynomials. So that during the procedure of transformation, only
the terma is altered. We will see that this phenomenon is characteristic of the discrete
hypergeometric polynomials on a linear lattice. In the next section, we shall give and
discuss the announced factorization of the operator (7). In the last section, we shall apply
the result of the factorization to the classical orthogonal polynomials of a discrete variable
on a linear lattice (Charlier, Meixner-Kravchuk, Hahn). Similar factorizations having been
obtained (differently) for the Charlier and Meixner-Kravchuk cases in [9], we first succeed
to handle the Hahn case, specialized by the nonlinearity of the eigenvalue, as a function
of j.

2. Finite difference analogues of\(n)-eigenfunctions of hypergeometric type

Let ®(x;n), x € R, n € Z, be a given system of hypergeometric functions such that

(0 (X)AV + T (x)A)D(x;n) = A(n)DP(x; n) (8)
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whereo (x) andt(x) are polynomials of degree less than or equal to 2 and 1 respectively,
A(n) =nt’ + %n(n — Do’
For convenience, we shall call thenin)-eigenfunctionslt is clear that this set includes
the discrete polynomials of hypergeometric typ@]. Let us note that in this case the number
n is the degree of the corresponding polynomials.
One can easily find some functigr(x) such that (8) is equivalent to
(E?—20(x + D+ 1(x + 1) + AM)]E + (6 (x) + T(x)o (x + D) (p(x)P(x; n)) =0 (9)
with
1
M — G(x) + -[(x).
p(x)

LetL=E?>—[20(x+ 1D +1(x +D]E + (c(x) + 7(x))o(x + 1) and
Hx:n)=L—AME =E?>-[20(x+ 1) +t(x+1) +Ar(n)]E
+(@(x) + t(x))o(x +1).

Supposing the existence of two polynomigigx; n) and g(x; n) of second degree with
identical leading coefficients such that

H(x;n) — p(n) = (E+gk;n)(E + f(x;n)) (10)
for some constant.(n), one can verify that

(E + f(x;m)(E + g(x;n)) = H(x;n') — p(n) (11)
where

An') = A(n) + A(f (x5 n) — g(x; n)) (12)

n’ being some function of, which will be determined later.
Equations (10) and (11) give

H(x;n)(E+ f(xin) = (E + f(x;n)H(x; n). (13)

In order to determingf (x; n) andg(x, n), one needs to note that equation (10) leads to
the system

fae+Ln)+gin)=-20(x+1 —t(x+1) —21n)

(14)
fsnmgxsn) =(@0x)+1(x))ox +1) — pn)
which is in fact a discrete Riccati equation.
Setting
fin) =—o(x) —1(x) — 3A(n) + @(x; n) (15)

glx;n)=—o0(x+1 — %A(n) —ox+1n)
the first equation in (14) will automatically be verified. The second reads
$:m(©0 (x +1) +0(x) + () + FA20) + p(n)

+(o(x) + T(x)e(x +Lin) —o(x + De(x;n)

+31(n) Ap(x; n) — @(x; Mp(x +1,n) =0 (16)

a discrete Riccati equation related¢ax; n). Looking for polynomial solutions of degree
< 1, (x;n) = ¢p(n)x + ¥ (n); knowing thato (x) = oox? 4+ o1x + 02, T(x) = Tox + 11
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and equating coefficients on the left-hand side of (16) to zero, one finds two possible sets
of solutions

$1(n) = 10+ (n — L)oo $2(n) = —nog (7)
$12(n) (11 + 10 — 00 — P1.2(n)) + A(n)og + A(n)or + FA(n)To

= 18
V12(n) 2¢1.2(n) + 200 — 10 (18)
11.2(n) = Yr12(0) (Y12(n) + ¢p12(n) + 01 + 00 — 1) — 3A(n) (00 + 01 + 207 + T1)
—¢12(n)(02 + 11 + FA()) — 322(n). (19)
On the other side, (15) reads
fxin) = —oox® + (¢(n) — 01 — 1)x + ¥ (n) — 02 — 71 — 3A(n) (20)

g(xin) = —oox® — (¢p(n) + 200 + 01)x — 09 — 01 — 02 — 3A(M) — p(n) — Y (n).  (21)

Thus, the conditions advanced in (10) are all satisfied.
Next, from (20) and (21), we obtain(f — g) = 2¢(n) + 200 — 10, and using (17), it
follows (A(n) = n1o + n(n — 1)oy),

(A(f = g1 = 2¢1(n) + 200 — 10 = 10 + 2n0o = A(n + 1) — A(n) (22)

(A(f — 8))2 = 2¢2(n) + 200 — 10 = — (10 + 2(n — D)og) = A(n — 1) — A(n). (23)

Referring to (12), this means that we have proved #jgt=n + 1 and (13) reads
H(x;n £+ D) (E + fi2(x;n) = (E + fi2(x;n))H(x;n) (24)

which is the searched commutation relation (p)=£ n).
From (24) and (9), it obviously follows that for amy(n)-eigenfunction® (x; n) of
hypergeometric type, the following difference relations are valid

ca(m)®(x;n+1) = (E + filx;n)®(x; n) (25)
c2(m)®(x;n — 1) = (E + falx; n)d(x; n) (26)

where®(x; n) = p(x)®(x; n),
fr2(x; n) = —00x” + ($12(n) — 01 — T)x + Y12(n) — 02 — 71 — A ().

From this, of course, the recurrence relations, &q; n), can be deduced. Moreover we

see that the ‘raising’ operator in (25) leads to the Rodrigues-type formula. One now needs
to remark from (16) and (22) that, conversely, the possibility of such a factorization on a
type (7) operator implies necessarily thatn) = 10"n? + ((v' — 30")2 + 26"2)2n + z.
Whence, operator (7) is factorizable (with= n) iff the corresponding polynomials are the
discrete hypergeometric polynomials on a linear lattice (Charlier, Meixner-Kravchuk and
Hahn cases corresponding o= 0) or their trivial generalizations. It can be checked [2]
that this characteristic property can be extended not only to all classical (Askey—Wilson)
polynomials but also to the discrete semiclassical ones [6, 7], so to include related properties
obtained in [16].

3. Examples

Consider now the equation,

L(x;n)Y(x;n) =0 (27)
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Table 1. Data for the Charlier case.

H(x;n) E?—(x4+p+rm)+DE+pux+1)

p(x) u
fi(x;n) —x+n
foxsn)  —u
gilx;n)  —p

g2(x;n)  —x+n-—1
pa(n) un + [
H2(n) un

Table 2. Data for the Meixner case.

H(x;n) E?>—[(n+Dx+uly +D+14+1M]E +pux?4+u(y +Dx +yu
p(x) wTx+y)

fil;n)  —x+n

fabe;n)  —p(x+y +n)

gilx;n)  —pulx+y+n+1

g2(x;n)  —x+n-—1

pa(n) wly +n2+n+y)

p2(n) un(y +n—1

Table 3. Data for the Hahn case.

H(x;n) E?+[2x24+6+B—a—2N)x+ (5+28 —a—3N — N
—A)E + [x* + (4+ B —a — 2N)x*+ (64 38 — 3« — 6N
+N2 —2NB +aN —ap)x? + (4+ 38 — 3a — 6N + 2N?
—4NB +2Na — 20 + N?B + Naf)x + 1+ B —a — 2N

+N? —2NB +aN —af + N?B+ Nap

I'(x+g+1)
p(x) T(—x+N)

filesn) xX2—(N4a4+n—Dx—B+DHWN —-1) — %A(n) + Y1(n)
gixin) X2+ @+n+B—Nx+2+p+n—N—3rn) —y1(n)
pa(n) Yi(n)(Ya(n) —1— BN —n) — %Mn)(ﬂ +D(N -1
MmN +a-D+@+a+p+DB+DHN -1
+iIamm+2m+a+p+1)
fatesn) X2+ QR+ B—N+nx— B+ DN —1) — 3r0) + ¥2(n)
g2(x;n) x2+(2—n—N—a)x—N—a—n+1—%A(n)—wz(n)
p2(n) Ya(m)(Ya(n) +n +a — BN + B) — SA(N +a — 1)
—n(B+ DN =1 — FAm(B+ DN = 1) — Fa(mn — £32(n)

(n+atB+1) (B+1 (N =)~ () (N+a)+ 3 () (@ +B+2)

Ya(n) 2+2ntath
n(B+1)(N=D)+A () (N+e)— L 2 (n) (e+B+2)
Yaln) Birath

whereL is the operator given in (7). Here, we define the discrete classical polynomials on
a linear lattice as the non-trivial polynomial solutions of (27). From (25), it is clear that if
P(x;n) is such a solution, then

c(n) = .
Plrim =~ E(E + fxsi)px) (28)
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c(n) being some constant (). Next, we can indentify them according to the corresponding
choices ofoc and r [10]. The Charlier polynomials correspond to(x) = x and
7(x) = u — x. For the Meixner and Hahn polynomials we have respectivdly) = x;
T(x) = yu—x(1—p) ando (x) = x(N+a—x); t(x) = (B+D)(N—-1)—(a+B+2)x. In [10]
one can find explicit formulae for their coefficients (from corresponding ‘hypergeometric
series’) but we are not concerned with those here.

Direct substitutions in the expressions obtained in section 2 lead to the necessary data
for the factorization of the Charlier (table 1), Meixner (table 2) and Hahn (table 3) cases.

It is clear that the same technique can also be applied tg-trasions of the preceding
polynomials. Extension to other difference operators is in progress [2].

Acknowledgments

We would like to thank ProfesscA P Magnus for suggesting the present explorations
and for fruitful discussions. Thanks are also addressed to the Belgian General Agency for
Cooperation with Developing Countries (AGCD) for financial support.

References

[1] Askey R and Wilson J 1985 Some basic hypergeometric orthogonal polynomials that generalize Jacobi
polynomialsMem. Am. Math. So&4 1-55
[2] Bangerezako G and MagalA P The factorization method and the semi-classical orthogonal polynomials,
in preparation
[3] Darboux G 1915Théorie des Surfacegol Il (Paris: Gauthier-Villars) p 213
[4] Infeld L and Hull T 1951 The factorization methd@lev. Mod. Phys23 21-68
[5] Kalnins E G and Miller W 1989 Symmetry techniques fgrseries: Askey—Wilson polynomialRocky
Mountain J. Math.19 223-30
[6] Magnus A P 1988Associated Askey—Wilson Polynomials as Laguerre—Hahn Orthogonal Polynomials (Lecture
Notes in Mathematics 1329Berlin: Springer) pp 261-78
[7] Magnus A P 1997 Special non uniform lattice(snul) orthogonal polynomials on discrete dense sets of points
J. Comput. Appl. Math65 253-65
[8] Magnus A P 1984Riccati Acceleration of Jacobi Continued Fractions and Laguerre—Hanh Orthogonal
Polynomials (Lecture Notes in Mathematics 10{Bgrlin: Springer) pp 213-30
[9] Miller W Jr 1969 Lie theory and difference equationd.IMath. Anal. Appl28 383-99
[10] Nikiforov A, Suslov S and Uvarov V 199Classical Orthogonal Polynomials of a Discrete Variable (Springer
Series in Computational Physicéerlin: Springer)
[11] Shabat A 1992 The infinite dimensional dressing dynamical systeerse Problem® 303-8
[12] ShabaA B and Veselg A P 1993 Dressing chain and spectral theory of 8dhrger operatoFunct. Anal.
Appl. 27 81-96 (translation from 199Bunk. Anal. Pril.27 1-21)
[13] Smirnov Yu F 1996 On factorization and algebraization of difference equations of hypergeometirdgpe
Int. Workshop on Orthogonal Polynomials in Mathematical Physics (Lega24—26 Juneg@d M Alfaro
etal
[14] Spiridonov V, Vinet L and Zhedanov A 1993 Difference Safinger operators with linear and exponential
discrete spectraett. Math. Phys29 63-73
[15] Spiridonov V, Vinet L and Zhedanov A 1995 Discrete Darboux transformations, the discrete-time Toda lattice
and the Askey—Wilson polynomiaMeth. Appl. Anal2 369-98
[16] Spiridonov V, Vinet L and Zhedanov A 1997 Spectral transformations, self-similar reductions and orthogonal
polynomialsJ. Phys. A: Math. Ger30 7621-37
[17] Zhedanov A 1997 Rational spectral transformations and orthogonal polynaimi@smput. Appl. Math85
67-86



